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1 Problem Formulation And Notations

In physics, the minimum energy or action means equilibrium and real motion, which
is how people transition from classical mechanics to analytical mechanics. In analytical
mechanics, energy extremes replace force balance, and Lagrange equations replace New-
ton’s second law. Therefore, every extreme value problem contains an equivalent “clas-
sical mechanics viewpoint”. From this perspective, the goal of this article is to derive the
minimal surface equation from the force balance.

First, I will review the variational derivation of minimal surfaces covered in class,
where starting from the variation of the area functional being zero, one can derive that
the mean curvature of a minimal surface is zero. Instead of using the normal variation
approach found in textbooks, I followed the derivation method presented in class. Next, I
derived the minimal surface equation starting from the condition that the mean curvature
is zero. Finally, from the perspective of force equilibrium, I re-derived the conditions that
minimal surfaces must satisfy—partly inspired by a note I wrote two years ago.

In this article I adopt the following symbols and terminology:

* The bold letters r represent vectors, (x, y) represent the inner product of vector x, y
, « X y represent the cross product of vector &, y , and (z, y, z) = (x Xy, z) represent

the mixed product of vector x, y, z .



o If the surface 3 in R? has a parametric representation: r = r(u,v) = (u,v, z(u,v))

, then ¥ is said to be the graph of the function z(u, v) .

« C2°(D) represents the space of compactly supported C>° differentiable continuous

functions on the region D .

Unless otherwise specified, only differentiable regular surfaces are considered in this ar-

ticle.

2  Variational Method For Minimum Surface

Consider a surface Y in R? with parametric representation: © = r(u,v) : D — R?
, where the area D C R? is bounded. The boundary of the surface is given by r|sp . A
minimal surface is a surface that makes the surface extremely minimal given this boundary.
The surface area element is dS = (r, x r,,n)dudv = |r, X r,|dudv , so the area

functional is

S(r) = //D |7y X 7y |dudv (1)

f : D — R3 s a function that is differentiable by C>° , and f|sp = 0, let all such f

form the set F' . Next, consider the function with ¢ as the parameter

Se(r+ef) = //D |(ro +ef,) X (ry +ef,)|dudv 2)

Then for any f € F', S.(r + f) takes the extreme value ate = 0. So

iSE('r +ef)

- —0,VfeF 3)

e=0

In addition, we can calculate

iSE(r +ef)

d
de —o - //D E‘(TU +€fu) X (Irv +<€f@)‘ 8:0dUd’U
Ty, XT ry XT

— u v U v 4

//D {(fu X Ty, —\Tu » ”'U|> + (r, X f”’—|ru » Tv\>1 dudv  (4)
= // [(fu?rv7n> + ('ru, fv,n>] dudv

D
Considering

(firo,n)u = (fu, 7o, m) + (f, Pwn, 1) + (f, 70, 10) (5
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("'u, fan)v = (ruw f:n> + (Tua va“) + (Tw f?nv) (6)

Add (5) and (6) and transpose to get

(fusro,m)+(ru, fu,m) = [(F, 70, )t (ru, £,0)0] = [(F, 70, n0) + (7, £,710)] (7)

Substitute (7) into (4) to get

d
d—eSa(r +ef) B
:// [(_fu,'rv,n) + (7, 7J,’n,)}dudv
p (8)
— [[ oo+ g Jdudo— [ [ (o) + o £ dude
D D
:/ (.fa Ty, n)dv - (’rm fa n)du - // [(Tva Ny, f) - (’rm Ty, f)] dudv
oD D
The last equal sign uses the Stokes formula. Due to f|9p = 0, we have
/ (f,ry,n)dv— (ry, f,n)du =0
oD
So (8) becomes
d
Estrrep) = [[ [rune ) = (o ] dude ©)
de =0 D
Considering the Weingarten transformation under the (u, v) parameter
Ny, a bl |r,
— = (10)
N, c d| |r,
(9) becomes
d
—S.(r+¢f) = // [(ru,cru +dry, f) — (ry,ar, + br,, f)}dudv
d5 =0 D
= // (d+ a)(ry,ry, f)dudv
D (11)

= // 2H(r, x vy, f)dudv
D
=0,VfeF

Considering that our surface is C'*°, r is also infinitely differentiable, and we only consider

regular surfaces, so r, X 7, is infinitely differentiable and not equal to zero. Therefore,



for any infinitely differentiable f : D — R, f|sp = 0, the set of such functions f is
denoted as F , and obviously C°(D) C Fy . Let f = (ry x 7, /|7 X 70|?) - f, then we

have f' € F. Substituting into (11) , we get

// 2H - fdudv =0, Vf € C*(D) C F (12)
D

Finally, according to the standard idea of variational method, since C'>°(D) is dense in
LY(D),Vh € L*(D) C L'(D), there exists a list of functions {/,,} in C°(D) that
converge to h according to the norm. Since D C R? is a bounded closed set, it is a
compact set, so H € C* (ﬁ) is bounded, and D has a finite measure, so we know H €
L*(D) c LY(D) . From this, we can get G(h) = [, 2Hhdudv to be a bounded linear
functional (and thus continuous).

Since {h,} converges to h norm-wise, {h,} converges weakly to h , resulting in
G(h,) — G(h) , which is G(h) = 0. In L?*(D) , we have Vh, (h, H) = 0, which leads

to H =0, a.s., and H is continuous, so we have H =0 .

3 An Equilibrium Method For Minimum Surface

In the derivation of this part, we only consider the surface as the graph of a function.

At this time, the surface X has a parameter representation: r(u,v) = (u, v, z(u,v)) .

3.1 H = 0 Derive minimal surface equations

Next, we will derive the equation of the minimal surface from the condition of the
mean curvature // = 0 of the minimal surface. First, according to the parameter repre-

sentation of 7 , we can find

r. = (1,0,2,); 7, = (0,1, 2,); (13)
Tuu = (07 07 Zuu)u Tw = (07 07 Zuv); Tyw = (07 07 Zm;); (14)
" Ty X Ty (=2, —2, 1) (15)

Cruxor] T+ 22422



From this we can get
E:1+z§;F:zuzv;G:1+Zg; (16)

ZUU ZUU ZU’U
L=——— M= L= —F————; (17)
01+ 22 4 22 V1422 4 22 V91422 4 22

So we can find the mean curvature
1

H = N Zuu 1—1—23 — 2ZuvZuie T Zow 1+zi ) 18
i D) A+ a9

The minimal surface equation can be derived from the mean curvature H = 0 of the
minimal surface

Zuu(1 4+ 23) — 22w zuzo + Zow(1 + zi) =0 (19)

This is the necessary and sufficient condition for H = 0 . Next, I will derive the minimal

surface equation from the force analysis method.

3.2 An Equilibrium Proof

In physics, the minimum energy always corresponds to the equilibrium state. There-
fore, consider a weightless soap film. Its equilibrium state under a fixed boundary is the
state where its surface energy is minimal. Since the surface energy is proportional to the
surface area of the soap film, the minimum surface energy is equivalent to the minimal
surface. Let the surface energy F, = S, where S is the surface area, then the surface ten-
sion is proportional to the length of the edge of the patch, and the direction is perpendicular
to the edge of the patch and outward.

Consider a soap film on region D , whose boundary 7|5 is fixed. Establish a right-
hand system (%, j, k) with plane (u,v) , and consider a surface A’ C 3 of a soap film.
Let I’ be the boundary of A’ , then let A be the projection of A’ on plane (u, v) , and let [
be the boundary of A . Then the resultant force of surface tension can be written as The

projection of

F, = jq{ dl' x n. (20)
l/



in the direction of k is
F,, = j[<dl, xn, k)= j{(dl’,n, k) (21)
v v
According to the force balance in the direction of k , we have
F,. = jé(dl/’n’ k) =0. (22)
Since [ is the projection of I , we have the following relationship
dl!' = dl + (dl, (zy, 2,,0)) - k. (23)

Substituting (22) into (23) , we get

%(dl’, n, k) = jl{([dl + (dl, (24, 20,0)) - k], k)

:jl{(dl,n, k) =0

Let 0 = arctan(y/1 + 22 + z2) be the angle between a certain face element and the

(24)

(u, v) plane, then we have

(Zu, 20, 0)
22+ 22

n = kcosf — sin 6 (25)

Stretch the (u,v) plane upward to any height i to form a cylinder, let the side of the

cylinder be X , then (24) can be transformed into
1
j{(dl n, k)= f(h - (k x dl),n)

e

where dS represents the face element on the side of the cylinder.

(26)

Substituting (25) into (26) yields

Zu, %
Zu, 2, 0) sm@,dS =0 27
//20 \/z +z > @7)

Considering that (z,, z,, 0) is parallel to ¥ , we can replace the cylinder side >, with the



entire cylinder surface J; in the integral, so we get

Zuy 2
U? U? nejds
//21 \/z —|—z >

/ / / ( 21; z+ zl sine)dv (28)

AR =)

This is true for any cylinder V', where dV’ is the volume element and V = (2, 2 2.) is

the Nabla operator. From this, we can conclude that

(Zus 20, 0)
V'Cfii?f§>:0 (29)

can be expanded to yield
O:v(:um%m >
01+ 22+ 22

1
= N2un(1 4 22) — 22002020 + 2o (1 4 22)] (30)
(1+ 22+ 22) ! “

3
2
=2H

, which means that we can also deduce the conditions and equations for the minimal surface

H=0.
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« MAEFRr FoRmEE, (xy) FRmEE Xy R, xxy R X,y R,
(z,y,2) = (x X y,z) F/RE X, y, 2z BIRA.

« R e X BAESHER r=r(u,v) = (u,v,2(u,v)), WHK D ZHEEL
z(u,v) KIKE
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2 HRNRENESZES

%8 R M © AASH#ER: r=r(u,v): D - R, KA D C R?
HA R MR tlop 458 . BN ATEX AN E DT, 68 il AR
F) T

T T AT dS = (ry X vy, m)dudv = [r, X r,|dudv, FI, THEZ KA

= //D\ru X 1,|dudv (1)

f:D— Ry O™ Wi, Hflop =0, LFTAEFEN AR Fo
PRFEIELL e HSHEIIREL

S.(r + ef) = / / (o + £,) % (ry -+ of,)|dudy 2
D
WARER f€ F, So(r+ef) 1 e = 0 AL HURAE . Ay

iSE(r + ef)

=0,Vfe F 3)
de

e=0

BEAh, AT AT

r+5f // r, +¢ef,) x (r, +ef,)|| dudv
e=0
= // (Fu X Ty ) (X £y ) [ dudo (4)
D Ty X 1, [ry X 1,
D
HE g
(f’ Ty, n)“ = (fu’ Ly, Il) + (fa Fyy, Il) + (f, Iy, nu) (5)
(I’u, f’ Il)v - (ruv’ f’ Il) + (l’u, fv? Il) + (l‘u, f7 nv) (6)

FE(5)-F (ORI IHFE TG

(fu,ry,m) + (r,, f,,n) = [(f, r,,n), + (ry,f, n)v] — [(f, r,,n,) + (ry,f, nv)} (7)



FrHRADE

iS (r+ 5f)

// (f,,r,,n) + ru,fv,n)}dudv
3
:// (f,r,,n), + (r,, f,n), }dudv — // f ry,n,) + (ry,f nv)]dudv

:/<9D(f r,,n)dv — (r,, f,n)du — // (ry,n,, f) — ru,nv,f)}dudv
HrEE— 15 HE Tt A, BT flop =0, FMITE

/ (f,ry,n)dv — (r,,f,n)du =0
oD
PR BE(8)AE N

—S r+€f

// (ry,n,, f) — (r,,n,, f)}dudv 9)

FIEH| (u,v) ZET R Weingarten 254t
- = (10)
n, c d| |r,

// (ry, cry + dr,, £) — (r,, ar, + br,, f) | dudv

:// (d + a)(ry, ry, f)dudv
b (11)
= // 2H (r, x r,, f)dudv

D

=0, Vfe F

(92N

d
f
deS( + f)

FRER AT MR O 1, r RIS AR, HIATH S B i, Hit
r, X v, BHFR A HARET R, JilL, ERELFRAHE f: D = R, flap =0, X
FERRREL f ERAICHE Fr, B CX(D) C Fro & = (ry xry/[ry xr[?) - f, 1
A1 e F. AN

// 2H - fdudv =0, Vf € C*(D) C Fy (12)
D



I3 JE W2 i BRAR A VA AR HE SR B, i T C2°(D) £ LY(D) W%, Yh € L*(D) C
LY(D), 46— C*(D) e E {hn } HTEHURSE) he 1T D C R* ZGHIALE,
LR B4, T H € C(D) A, B L DA, /% H € L(D) C LY(D),
H UL H 1S G(h) = [, 2Hhdudv A FLMZ R (TR EZET ) o

HIT {Rn} BAEESEE] b, I {n} S90CSKE) 1, TSR] G (Ry) — G(R),
BI G(h) = 0. #£ L*(D) H, WA Vh, (h, H) =0, 2Kt H =0, a.s., FpmEH
#er, It H =0,

3 HB/MIEBZFHhSITEHRS
EX T, FATRF B R gy &l . e, fhim X B
SRR r(u,v) = (u,v, 2(u,v)),
3.1 H=0¥SHENIEHIE

NIHFHATREMA N 3 H = 0 i8S AR/ N T D7 RE R
EICRAE r SRS, ATDAKH

r, = (1,0,2,); r, = (0,1, 2,); (13)
Fyy = (0707 Zuu)a Fyy = (0707 Zuv)v Fyy = (O>0>zvv); (14)
ho T Xry (—2u, —2v, 1) ‘ (15)
L V1422 + 22
H I AT DA 2
E=1+22 F=z2; G=1+22 (16)
L:$~M:$'L:$- (17)

1+ 22+ 22 V1422 + 22 V1422422
MR PASK H -1 i 5
1

H = — | Zuu 1—1—23 — 2ZunZuie + Zow 1—i—zi ) 18
Tpwesaen HOWCRES AL as)

AR/ N TIPS R H o= O AT DASE H AR/ i T R

Zuu(1 + 22) — 22002020 + 200 (L + 22) =0 19
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FREXI D ERAEREE, Hl 5 rlop B, PA (u,v) FHEEAFR (1] k),
R —BIL R A" C X, AT U AT, W A Sy AHE (u,v) i
EREsE, BlllS 18 A Wb IRAZRIm K I & 1 AS AL

F, = j'{ dl x n. (20)
l/

1+ k jj]n E‘J&Eﬁjg
F,, = 74 dl JK) = 74 dl',n, Kk 21
z'< X n ) l/( n ) (21)

sz}%’ li ;‘5 ]i ;j \l, /17§I7 3;/% 1[] i
l oz — 74 Cil/7 117 k — (). 22

M 02 U i, JATAWR XA

dl' = dl + (dl, (2, 2,,0)) - k. (23)
P WNCRITIEE:
jl{(dl’, n, k) = f([dl + (dl, (24, 24, 0)) - k|, n, k)
U l (24)
_ f(dl,n,k) ~0
l
4 0 = arctan(\/1 + 22 + 22) HHALHICT (u,v) FIHIFSA, WA
n:kCOSG—MsinQ (25)

/2 2
zi+ z8



K (u, v) F1hr]_ERARERE R b I BRER, SR X0, W24 n 1L

0 :Z{(dl,n,k) = %%{h - (k x dl),n)

l
(26)
=— % / /2 (n, dS)
Hrp dS AL A T A T IT
25 AQR6) 15
/ /E ( (Z“Z_’ZZ: 22 sinf, dS) = 0 27)

FIEH (20, 20,0) 15 Bo AT, TLAERL S R A MITAT S0 HeAUAE A BEAZe00 2y
TREANGE T

//21 \/z +z n@,dS)
ZU7ZU7
-//]¥ ( 2 sing Jav 2
([K/ ( (2us 20, 0 )dv
VIt 22t 22
SHMEERER V IR, Hf dV IR ARIE, V= (2, 2, 2) % Nabla B 7. fitn]

DL
. (ZU7ZU7O) ) _
v (¢ﬁ;§:2 =0 @9
RIF R

oo (L) )
01+ 22+ 22
1
= N2u(1 4 22) — 22402020 + 2o (1 4 22)] (30)
(14224 22)2 ! !

=2H
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